Multidimensional cosmological models with factorizable geometry and their dimensional reduction to effective four-dimensional theories are analyzed on sensitivity to different scalings. It is shown that a noncorrect gauging of the effective four-dimensional gravitational constant within the dimensional reduction results in a non-correct rescaling of the cosmological constant and the gravexciton/radion masses. 1 In brane-world models with non-factorizable geometry, the relation between κ 0 and κ D differs from (2) [2, 3] .
Introduction
One of the basic features of general relativity and of string theory/M-theory is that gravity necessarily propagates in all dimensions as it inherently describes the dynamics of spacetime itself. Although this general feature will hold for all dimensions, its low-energy realization as Gauss's law will strongly depend on the concrete structure of spacetime, the number and size of extra-dimensional space components. For simplicity, let us consider a multidimensional model with warped product topology
consisting of an external ("our") four-dimensional spacetime manifold M 0 and a D ′ -dimensional compact space component M D ′ with characteristic size r. If R is the distance between two massive bodies, then Gauss's law in four dimensions (for R > ∼ r) and in D = 4 + D ′ dimensions (for R < ∼ r) dictates the relation (see e.g. Ref. [1] )
between the effective four-dimensional gravitational constant κ 2 0 = 8π/M 2 P l (4) and the fundamental D-dimensional gravitational constant κ 2 D = 8π/M 2+D ′ * (4+D ′ ) . Here, M P l(4) = 1.22 × 10 19 GeV is the Planck scale, M * (4+D ′ )the fundamental mass scale, and V D ′ ∼ r D ′ denotes the volume of the extra-dimensional compact space 1 . In general, relation (2) can be treated as dimensional reduction of an originally D−dimensional spacetime to our effective four-dimensional spacetime. Data from Cavendish-type experiments [4] confirmed the effective fourdimensionality of our Universe to high precision at distances above the lower bound of 1 mm. The upper bound is set by gravity tests in our planetary system, whereas modifications of Gauss's law at galactic and inter-galactic scales are not ruled out [5] . The analysis of possible observational consequences of extra dimensions at distances over these well-tested scales requires not only a qualitatively correct procedure of dimensional reduction, but also a quantitatively correct one. The main purpose of this short remark is to demonstrate this issue, which specifically occurs for models in an Einstein frame formulation, with the help of a simple multidimensional cosmological toy model.
To start with, let us consider a cosmological model with factorizable geometry,
which is defined on the manifold (1) where, for generality, M D ′ is also a direct product of n compact d idimensional spaces:
For simplicity, we assume that the factors M i are Einstein spaces:
mn , m, n = 1, . . . , d i and R[g (i) ] = λ i d i ≡ R i . The scale factors of the internal spaces depend on the coordinates of the four-dimensional external spacetime, β i = β i (x).
Let b i ≡ L P l e β i and b (0)i ≡ L P l e β i 0 denote the scales factors of the internal spaces M i at arbitrary and at present time 2 , respectively. Then the total volume of the internal spaces at the present time is given by
The factor V I is dimensionless and defined by geometry and topology of the internal spaces. In this section and the next one,
denote the deviations of the internal scale factors from their present day values. For the demonstration of the scaling sensitivity it is sufficient to perform the dimensional reduction on the simplest multidimensional action
for bulk matter in form of a minimally coupled scalar field Φ. The field Φ itself can be considered in its zeromode approximation. This means that Φ and U (Φ) depend only on the coordinates of the external space, and the dimensional reduction of the model can be performed by a simple integration over the coordinates of the internal spaces.
Four-dimensional effective model
The dimensional reduction results in the following four-dimensional effective theory:
where the total volume of the internal spaces V D ′ is defined by Eq. (4), the gravitational constant κ 2 0 is given as κ 2 0 = κ 2 D /V D ′ in accordance with relation (2), and where the notationR i := R i e −2β i 0 is used. In the ADD approach [1] the electro-weak scale is assumed as the fundamental scale M * (4+D ′ ) ∼ M EW so that relation (2) leads to strong restrictions on the total volume V D ′ of the internal spaces. Action (7) of the four-dimensional effective model is written in Brans-Dicke frame, i.e., it has the form of a generalized Brans-Dicke theory. For convenience we remove the explicit dilatonic coupling term in (7) by conformal transformation
and obtain the effective action in the Einstein-frame
where the effective potential U ef f reads
The internal spaces are stabilized at present time if this potential has a minimum atβ i = 0. Small conformal excitations of the internal spaces above this minimum have the form of massive scalar fields (gravexcitons/radions) in our four-dimensional spacetime [7] . For models with the scalar field Φ as the only bulk field, the stabilization occurs for fine-tuned scalar curvatures of the internal spaces [8] :
For the four-dimensional effective cosmological constant of such models holds
whereas the gravexciton/radion masses are defined by the relations
The important point is that the cosmological constant (12) and the gravexciton/radion masses (13) in the Einstein frame are defined at the present time and in a model with present-time effective gravitational constant
In the next section we will show that these properties do not hold when the scaling in the dimensional reduction scheme is chosen differently.
Alternative approach
In this section, we consider a dimensional reduction scheme which slightly differs from that of the previous section and which was employed in many papers. In this scheme the stabilization positions of the functions β i are not fixed from the very beginning, but instead they are found from the minimum condition of the effective potential. In other words, the scale factors β i are not split into present-time stabilization positions β i 0 and small fluctuational componentsβ i above them. The dimensional reduction of action (6) parallels that of the previous section with replacingβ i by β i . The result reads
with an effective gravitational constant given by
In this approach, V I × (L P l )
does not describe the total present-time volume of the internal spaces (with the exception of the stabilization position β i = 0), and, according to the generalized Gauss's law ("gravity propagates in all dimensions") the constant κ 0 in Eq. (15) does not correspond to the present-time gravitational constant. Only in the case of β i = 0, i.e. for Planckian stabilization scales b (0)i = L P l , the constant κ 2 0 in Eq. (15) correctly corresponds to the four-dimensional Newtonian gravitational constant. Here, we assumed V I ∼ O(1), which usually holds for constant curvature spaces with normalization R[g (i) ] = ±d i (d i − 1). The fundamental mass scale is then of the order of the Planck scale, M * (4+D ′ ) ∼ M (P l)4 .
As next step, we demonstrate how the formal normalization of the gravitational constant in Eq. (15) results in a non-correct rescaling of the parameters of the four-dimensional effective theory (in Einstein frame) when β i 0 = 0. The conformal transformation to the Einstein frame reads:
We observe that the four-dimensional Einstein frame metrics for the natural approach (we denote it below by subscript "1") of the previous section and that of the formal approach (subscript "2") of the present section are connected asḡ
(17)
The Einstein frame form of action (14) is
with an effective potential given by
The gravexciton/radion masses as well as the effective cosmological constants in the two approaches are connected by the following rescaling,
which results from the rescaled effective potential
In its turn, the rescaling of the effective potential is caused by the formal and non-correct definition (15) of the four-dimensional gravitational constant κ 0 in the second approach. The gravitational constants in the two approaches are connected by the relation
which can also be obtained from the equation
Thus, if we restore in the second approach the correct four-dimensional gravitational constant, we obtain the same formulas as in the first approach:
Dynamical gravitational "constant"
In the previous sections the main emphasis was laid on the correct scaling of the gravitational constant in present-time physical regimes when the sizes of the internal spaces are stabilized, and only small fluctuations over this stabilized scale factor background remain. In general, this stabilized scale factor regime will be the result and current end point of highly dynamical changes of the sizes of the internal spaces at earlier stages of the cosmological evolution. If one assumes that the effective gravitational "constant" of our four-dimensional external spacetime is a derived "constant" which follows via dimensional reduction from a fundamental mass scale and which changes with the sizes of the internal space components, then one naturally arrives at the concept of a dynamically changing four-dimensional gravitational "constant" κ 0 which depends on the external coordinates κ 0 = κ 0 (x). The crucial point for this concept will consist in a splitting of the scale factors
of the internal spaces into a coherently changing background component β i 0 (x), which will define the averaged dynamics of the volume of the internal spaces, and small non-coherent particle-like excitations/fluctuationsβ i (x) over this background, which as previously will correspond to gravexcitons/radions. The dynamical averaged volume V D ′ (x) of the internal spaces is then defined in analogy with (4) as
so that for the effective gravitational "constant" holds
The action functional of the dimensional reduced model can then be written in analogy with (7) as
We remove the Brans-Dicke factor of the fluctuational components by the conformal transformation (8) and arrive at an action functional
which is in a hybrid Brans-Dicke-Einstein frame -Brans-Dicke with respect to the averaged scale factors β i 0 (x), which define the effective gravitational constant κ 0 (x) via (27), and Einstein with respect to the gravexcitons/radionsβ i (x). For a stabilization of the internal spaces with volume freezing we have
and we return to the simplified action functional (9) of section 2. We see that the Einstein frame description of dimensionally reduced models is a physically viable description when the internal spaces are in an almostfrozen regime. In regimes where the internal spaces still show a highly dynamical behavior a more adequate description is given in the hybrid frame 3 . Similarly like possible present-time variations of the fine-structure "constant" α are strongly restricted by observational data [10, 11] , there exist strong observational restrictions on present-time variations of the effective gravitational constant κ 0 [10, 12] .
Conclusions
An essential part of any viable higher dimensional theory is a sensible scheme of dimensional reduction to an effective four-dimensional theory. On the one hand, the resulting effective theory should correctly describe our observable four-dimensional Universe (the external spacetime). On the other hand, it will contain explicit imprints and signatures of the extra-dimensional space components. The latter will give an opportunity to predict new observable phenomena, such as gravexcitons/radions which are geometrical moduli excitations of extradimensional spaces propagating as special types of particles in the observable Universe. A correct quantitative prediction of the derived physical parameters (such as the effective "fundamental" constants, the cosmological constant, the masses of gravexcitons/radions etc.) directly depends on the concrete scheme of dimensional reduction. In the present paper, we demonstrated this fact explicitly with the help of a multidimensional toy model with factorizable geometry as it is often used in KK and ADD approaches. We considered two different schemes of dimensional reduction with subsequent transformation to the Einstein frame. In the second approach, the present-time size of the internal spaces was not taken into account, and, correspondingly, it was left out of account that gravity should propagate in all dimensions. As a result, the effective four-dimensional gravitational constant was not correctly gauged what finally led to a non-correct rescaling of the parameters of the effective four-dimensional model (such as the effective cosmological constant and the gravexciton/radion masses). Additionally, we showed that the Einstein frame description of dimensionally reduced models is physically viable for regimes with frozen or almost frozen volumes of the internal spaces. For regimes with strongly changing volumes V D ′ of the internal spaces the effective gravitational "constant" κ 0 will also change strongly and a physically more adequate description of a dimensionally reduced theory is given in a hybrid frame which behaves similar like a theory in Brans-Dicke-frame with respect to the coherent scale factor background and like a theory in Einstein-frame with respect to the non-coherent scale factor fluctuations. Of course, one can gauge κ 0 with respect to some selected value of V D ′ , e.g. with respect to the present-time value. In this case κ 0 corresponds to the Newtonian value at this time and it does not change with time in the Einstein frame. However, for others times with different V D ′ the parameter κ 0 has nothing in common with an effective four-dimensional gravitational constant.
